
 

 

LATTICE QUANTUM CHROMODYNAMICS 
 
The strong interactions between quarks and gluons that produce the protons, neutrons, nuclei and 
the other hadrons found in nature are notoriously difficult to unravel. In contrast to electromagnetic 
and weak interactions, the strong interactions behave differently at different energies; quarks and 
gluons are the relevant degrees of freedom at high energies, while composite hadrons emerge at 
low energies. While quantum chromodynamics (QCD) has long been thought to be the theory of 
the strong interactions, direct comparison of its predictions with experiment has historically only 
been possible at high energies where deep inelastic scattering experiments have beautifully 
revealed the quark and gluon substructure of hadrons. In the last decade, this situation has 
changed dramatically and it is now possible to say that we have experimental confirmation of QCD 
at low energies relevant for hadronic and nuclear physics. With decades of research developments 
and advances in high-performance computing, the numerical approach of lattice QCD has matured 
to the stage where many properties of hadrons such as their masses and charge distributions are 
now able to be calculated and compared to experiment, providing new confirmations that QCD 
indeed describes the strong interactions. Having reached this point, the coming decade presents a 
golden opportunity for nuclear physics as further improvements in calculational methods and 
advances in high-performance computing will enable more precise calculations of many quantities 
and provide predictions with controlled uncertainties for as-yet-unmeasured quantities The impact 
of lattice QCD calculations in high energy physics has already been immense, with the 
determinations of most of the parameters of the Standard Model relying heavily on the results of 
lattice QCD calculations. The potential for contributions to the intrinsically more complex world of 
nuclear physics is equally high and investments in this field are now paying off. Beyond confirming 
QCD through comparison with experiment, lattice QCD calculations hold the promise of providing 
reliable calculations of hadronic and nuclear processes in situations where laboratory experiments 
are not possible, it provides guidance to the design of future experiments, and plays an essential 
role in analysis of upcoming experiments.  
 
Lattice QCD provides a rigorous definition of QCD in the low-energy, strong-coupling regime and, 
importantly, provides a numerical method with which to perform QCD calculations. As an 
intermediate step in lattice QCD, one considers a discretized version of QCD defined on a space-
time grid (most simply, a four dimensional hypercubic lattice) so as to make amenable to numerical 
calculations. The quark and gluon degrees 
of freedom are defined on this grid and the 
calculation is performed using Monte Carlo 
methods in which representative 
configurations of the quark and gluon 
degrees of freedom are generated with a 
distribution prescribed by QCD, and 
physical observables are then extracted 
from correlations in these samplings. An 
important feature of lattice QCD 
calculations is that is possible to fully 
quantify the statistical uncertainties from 
the Monte Carlo sampling and the 
systematic uncertainties from the finite 
volume and discretization associated with 
any given quantity. Furthermore, these 
uncertainties can be systematically 
reduced to any prescribed level of 
accuracy, limited only by computational 
resources and the available workforce. 
 
Large-scale lattice QCD calculations require a range of computational platforms. Leadership-class 
(capability) computing platforms are required to generate the representative samplings of the QCD 
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Science Drivers

Goals for field set out in 2015 NSAC 
Long Range Plan	

JLab 12GeV: hadron spectroscopy and 
quark structure	

FRIB: nuclear interactions, matrix elts	

ββ decay: potential for LQCD input	

EIC: gluonic structure of nucleons and 
nuclei	

Central to USQCD planning	

Experiment recognises importance of 
LQCD: computational NP initiative

2http://science.energy.gov/~/media/np/nsac/pdf/2015LRP/2015_LRPNS_091815.pdf

http://science.energy.gov/~/media/np/nsac/pdf/2015LRP/2015_LRPNS_091815.pdf


Science Drivers

Goals for field set out in 2015 NSAC 
Long Range Plan	

JLab 12GeV: hadron spectroscopy and 
quark structure	

FRIB: nuclear interactions, matrix elts	

ββ decay: potential for LQCD input	

EIC: gluonic structure of nucleons and 
nuclei	

Central to USQCD planning	

Experiment recognises importance of 
LQCD: computational NP initiative

3http://science.energy.gov/~/media/np/nsac/pdf/2015LRP/2015_LRPNS_091815.pdf

We recommend new investments in computational nuclear theory that exploit 
the U.S. leadership in high-performance computing. These investments 
include a timely enhancement of the nuclear physics contribution to the 
Scientific Discovery through Advanced Computing program and 
complementary efforts as well as the deployment of the necessary capacity 
computing.	

	 	 	 	 	 — 2015 Nuclear Physics Long Range Plan

http://science.energy.gov/~/media/np/nsac/pdf/2015LRP/2015_LRPNS_091815.pdf
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Repeating with dynamical 
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Eg: gluon spin contribution in  
a particular frame in Coulomb 
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It has been shown that the contributions from u and d quarks almost cancel each
other. Thus for connected insertion, quark orbital angular momenta turn out to be
small in the quenched calculation 12,14 and nearly zero in dynamical fermion cal-
culations 15,16,17,18,19. On the other hand, gluon helicity distribution �G(x)/G(x)
from COMPASS, STAR, HERMES and PHENIX experiments is found to be close
to zero 20,21,22,23,24. A global fit 25 with the inclusion of the polarized deep inelastic
scattering (DIS) data from COMPASS 26 and the 2009 data from RHIC 25, gives

a glue contribution

Z
0.2

0.05

�g(x)dx = 0.1±0.06

0.07

to the total proton spin of 1/2~ with

a sizable uncertainty. Most recent analysis 27 of high-statistics 2009 STAR 28 and
PHENIX 29 data show an evidence of non-zero glue helicity in the proton. For
Q2 = 10 GeV2, they found the gluon helicity distribution �g(x,Q2) positive and
away from zero in the momentum fraction range 0.05  x  0.2. However, the re-
sult presented in ? has very large uncertainty in the small x-region. Moreover, it is
argued based on analysis of single-spin asymmetry in unpolarized lepton scattering
from a transversely polarized nucleon that the glue orbital angular momentum is
absent 30. Given that DIS experiments and quenched lattice calculation thus far
reveal that only ⇠ 25% of the proton spin comes from the quark spin, lattice calcu-
lations of the orbital angular momenta show that the connected insertion (CI) parts
have negligible contributions, and gluon helicity from the latest global analysis 27

is ⇠ 40% albeit with large error, there are still missing components in the proton
spin. In this context, it is dubbed a ‘Dark Spin’ conundrum 31,32.

In this talk, I shall present a complete decomposition of the nucleon spin in
terms of the quark spin, the quark orbital angular momentum, and the glue angular
momentum in a quenched lattice calculation. I will then summarize the lattice e↵ort
in calculating the strange quark spin in dynamical fermions and present a result
of the total quark spin from a lattice calculation employing the anomalous Ward
identity and, finally, I will show a preliminary first calculation of the glue spin at
finite nucleon momenta.

2. Formalism

It is shown by X. Ji 33 that there is a gauge-invariant separation of the pro-
ton spin operator into the quark spin, quark orbital angular momentum, and glue
angular momentum operators

~J
QCD

= ~J
q

+ ~J
g

=
1

2
~⌃
q

+ ~L
q

+ ~J
g

, (1)

where the quark and glue angular momentum operators are defined from the sym-
metric energy-momentum tensor

J i

q,g

=
1

2
✏ijk

Z
d3x

�T 0k

q,g

xj � T 0j

q,g

xk

�
, (2)
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Table 1. Renormalized results in MS scheme at µ = 2 GeV.

CI(u) CI(d) CI(u+d) DI(u/d) DI(s) Glue

hxi 0.413(38) 0.150(19) 0.565(43) 0.038(7) 0.024(6) 0.334(55)

T2(0) 0.286(108) -0.220(77) 0.062(21) -0.002(2) -0.001(3) -0.056(51)

2J 0.700(123) -0.069(79) 0.628(49) 0.036(7) 0.023(7) 0.278(75)

gA 0.91(11) -0.30(12) 0.62(9) -0.12(1) -0.12(1) –

2L -0.21(16) 0.23(15) 0.01(10) 0.16(1) 0.14(1) –

Lu (CI + DI)

Ld (CI + DI)

Ls (DI)

Jg

�⌃
2

25(12)%  28(8)%

14(1)%
39(15)%

-5(16)%

(a)

Fig. 2. Pie charts for the quark spin, quark orbital angular momentum and gluon angular mo-
mentum contributions to the proton spin. The left panel show the quark contributions separately
for CI and DI, and the right panel shows the quark contributions for each flavor with CI and DI
summed together for u and d quarks.

2L for the quarks. As we see in Table 1, the orbital angular momentum fractions
2L for the u and d quarks in the CI have di↵erent signs and they add up to zero,
i.e. 0.01(10). This is the same pattern which has been seen with dynamical fermion
configurations with light quarks which was pointed out in Sec. 1. The large 2L
for the u/d and s quarks in the DI is due to the fact that g0

A

in the DI is large
and negative, i.e. �0.12(1) for each of the three flavors. All together, the quark
orbital angular momentum constitutes a fraction of 0.47(13) of the nucleon spin.
The majority of it comes from the DI. The quark spin fraction of the nucleon spin
is 0.25(12) and the glue angular momentum contributes a fraction of 0.28(8). We
show the quark spin, the quark orbital angular momentum and the glue angular
momentum in the pie chart in Fig. 2. The left panel shows the combination of u and
d contributions to the orbital angular momentum from the CI and DI separately
while the right panel shows the combined (CI and DI) contributions to the orbital
angular momentum from the u and d quarks.

Since this calculation is based on a quenched approximation which is known to
contain large uncontrolled systematic errors, it is essential to repeat this calculation
with dynamical fermions of light quarks and large physical volume.

Eur.Phys.J. A52 (2016) no.6, 160 ; 1603.05256 

Glue Spin/Helicity in Nuclueon Yi-Bo Yang

and Aphys
µ

satisfies the non-Abelian transverse condition,

Di Aphys
i = ∂i Aphys

i � ig0[Ai, Aphys
i ] = 0. (7)

It is shown in [8] that when boosting the glue spin operator ~Sg in Eq. (3) to IMF, the condition
Eq. (7) corresponds to the light-cone gauge fixing condition Aphys

+ = 0 and the forward matrix
element of the longitudinal glue spin operator corresponds to the glue helicity, DG.

In contrast to the definition of the glue helicity operator in the IMF, the matrix element of the
glue spin operator in the finite momentum frame is calculable in lattice QCD. Solutions for Aphys

µ

and Apure
µ

satisfying Eqs. (5-7) can be obtained through a gauge link fixed in the Coulomb gauge
under a gauge transformation gC(x),

U
µ

(x) = gC(x)UC
µ

(x)g�1
C (x+aµ̂) (8)

where UC(x) is fixed in the Coulomb gauge. One can confirm that the solution for Aphys
µ

satisfing
the gauge transformation law in Eq. (5) can be obtained as in Ref. [11]

Aphys
µ

⌘ i
ag0

(U
µ

(x)�U pure
µ

(x))

= gC(x)AC
µ

(x)g�1
C (x)+O(a), (9)

where U pure
µ

(x) = gC(x)g�1
C (x+aµ̂). Then the glue spin operator ~SG reads,

~Sg =
Z

d3x Tr(gC~Eg�1
C ⇥~AC) =

Z
d3x Tr(~EC ⇥~AC) (10)

where the trace Tr is taken over color indices and ~EC is the electric field in the Coulomb gauge.
In order to extract the glue spin contributions to the nucleon, we compute the ratio of the

disconnected three-point function to the two-point function with the source and sink of the nucleon
propagator located at t0 and t, respectively. The glue spin operator is inserted at the time slice t 0

between t0 and t. Then the ratio of the disconnected insertion three-point function to two-point
function in the moving frame along the z direction is,

R(t, t 0, t0) =
h0|Gm

3
R

d3ye�ip3y3
c(~y, t)S3

g(t)c̄(~0, t0)|0i
h0|Ge

R
d3ye�ip3y3

c(~y, t)c̄(~0, t0)|0i
(11)

where c is the nucleon interpolation field and Gm
3 /Ge is the polarized/unpolarized projection matrix

of the proton respectively. The signal to noise ratio (SNR) can be improved by using the summed
ratio method [15] and we denote the summed ratio by SR(t, t0) = Ât�1

t 0=t0+1 R(t, t 0, t0). SR(t, t0) has a
linear behavior in the region where t is large enough that excited-state contamination is negligible,

SR(t � t0)⌘ SR(t, t0) ��!
t�1 C0 +(t � t0)SG +O(e�DE(t�t0)), (12)

where SG is the matrix element of the longitudinal glue spin operator in the proton.
A preliminary attempt [13] to calculate SG on the lattice following the above prescription has

been carried out on 2+ 1 flavor dynamical domain-wall configurations on a 243 ⇥ 64 lattice (24I)
with the sea pion mass at 330 MeV. In this proceeding, we improve the statistics on the ensemble

3

SG
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Transverse momentum  
dependent parton  
distributions (TMDs)	

Focus of DOE Nuclear Theory  
Topical Collaboration	

LHP collab. (Engelhardt)	

Measure non-local operator 
matrix elements to determine q(x,kT)	

First study of pion TMDs	

Access Boer-Mulders function, which counts transversely 
polarised quarks in an unpolarised hadron
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where ⌘ parametrizes the staple length, which must be extrapolated to infinity. The staple direction
v is furthermore taken o↵ the light cone into the spacelike domain to regulate rapidity divergences;
this introduces an additional dependence of the TMDs on the “Collins-Soper parameter”⇣̂ ⌘ |v ·
P |/(M

p�v2). One is ultimately interested in the behavior at large ⇣̂.
The correlator (10) can be evaluated within lattice QCD for a limited range of P and (purely

spatial) b and ⌘v. It can then be decomposed into Lorentz-invariant amplitudes, appropriate
combinations of which yield TMDs such as the Sivers and Boer-Mulders functions. Given the
limited range of parameters P , b and ⌘v, the interesting limits ⌘ ! 1, ⇣̂ ! 1 can only be accessed
by extrapolation. Whereas the former extrapolation is under control for a range of data generated
in lattice QCD calculations, the latter presents a challenge, owing to the limited set of hadron
momenta P accessible with su�cient statistical accuracy. It is this challenge that we propose
address in the present proposal. Initial promising results were obtained in [37] in the case of pion
TMDs. The light mass of the pion, compared to the nucleon, implies that its trajectory is closer
to the light cone for given hadron momentum; as a result, it proved feasible to draw quantitative
conclusions about the large ⇣̂ limit already using fairly low pion momenta, as displayed in Fig. 4
(left). On the other hand, for the heavier nucleon, the momenta accessible in standard calculations
prove to be too low to achieve similar conclusions, cf. Fig. 4 (right). A dedicated high-momentum
study is necessary, and the present e↵ort to access high-momentum nucleon states provides the
ideal context for this investigation.
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Figure 4: T-odd TMD ratios in the SIDIS limit as a function of Collins-Soper parameter ⇣̂. Left:
Boer-Mulders ratio in the pion; right: Sivers ratio in the nucleon. In both cases, both the total ratio
as well as a certain partial contribution are displayed, where the partial contribution vanishes at
⇣̂ = 0, but dominates the quantity at large ⇣̂. Comparison of the two thus provides a measure of the
extent to which the large-⇣̂ regime has been reached. In the pion case, a large part of the evolution
to large ⇣̂ has been achieved, and an extrapolation to ⇣̂ = 1 is possible. In the nucleon case, data
at significantly larger ⇣̂, and with higher precision, are required than are hitherto available.

2.7 Calculation of quark quasi-distribution at high momentum

Direct calculation of light cone quark distributions using lattice QCD instead of just a few low mo-
ments as in the past will greatly increase our understanding of the quark structure of the nucleon.
In order to extract quark distributions from the quasi-distributions calculable on the lattice, calcu-
lations with a sequence of high momenta are essential. We propose to make a major contribution
to the field by using our boosted sources to calculate the renormalized quasi-distributions for the
high nucleon source and sink momenta summarized in Tab. 2
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Quarkonium interactions with light 
quark systems via colour van der Waals	

Colour stark effect: quarkonium 
induces dipoles in nucleons that attract	

Brodsky et al. [PRL64,1011 (1990)] 
suggested large binding: 9Be–ηc ~ 
400 MeV	

Nuclei not point-like: gluons 
screened 
J/Ψ–A ~ 10 MeV	

ATHENNA experiment at JLab12GeV 
will look for charmonium nuclei
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Quarkonia in Nuclei

Unique Probe of QCD E↵ects

Heavy quarkonia share no
valence quarks with nuclei

Normally dominant quark
exchange suppressed to
second order

Dominated by two-gluon
exchange
(color van der Waals)

Color Stark e↵ect:
Chromoelectric field induces
dipoles in neutral hadrons
that interact
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S. D. Cohen (U Washington) Nucleus-Onium Bound States 2014 Mar 30 2 / 19

Quarkonia in Nuclei

Model History

Brodsky et al. [PRL64,1011 (1990)]

noted features of pp scattering near
open-charm threshold

No Pauli blocking; no quark-exchange
⌘ch: 19 MeV, ⌘c9Be: 407 MeV(!)

Wasson [PRL67,2237 (1991)] points out
the nucleus is not pointlike

Charm binding saturates for large A
⌘ch: 0.8 MeV, ⌘c208Pb: 27 MeV
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FIG. 5: Binding energies of the A ⌘s (upper) and A ⌘c
(lower) systems as functions of atomic number. For A = 2,
we display both the deuteron and nn results. The shaded
region corresponds to a phenomenological quadratic fit to the
results.

IV. BOOSTED SYSTEMS

As discussed previously, quarkonium-nucleus correla-
tion functions associated with a given total three mo-
mentum were constructed by multiplying the appropri-
ate correlation functions. In our calculations, at least
one of the component systems was at rest in the lattice
volume. For systems with total center-of-mass (CoM)
momentum, Ptot 6= 0, the total energy of the ground
state was translated to the CoM energy, and then to
the binding energy of the system by removing the rest
masses of the constituents. An example of the energy
shifts for the charmonium-nucleus systems in the CoM
frame is shown in Figure 6 as a function of relative ra-
pidity, ⌘ = tanh�1 �, where � is the velocity of the
boosted hadron. Similar dependence is seen for all of
the quarkonium-nucleus systems that we have studied.
Näıvely, one expects that the CoM energy should be in-
dependent of the relative velocity, however, this is not
what we find in our results. Instead, there is a trend
for the extracted total energy to increase approximately
quadratically with the relative rapidity. We speculate
that this behavior arises because the overlap of the mo-
mentum projected sink interpolators onto a bound state
is suppressed at non-zero relative momentum, while the

FIG. 6: An example of the energy di↵erences (in MeV) for
charmonium-nucleus systems, N ⌘c, versus the rapidity of the
boosted hadron. The brown points show the extracted ener-
gies of systems produced from sinks for which the quarkonium
is boosted and the nucleon is at rest, while the blue points
show the extracted energies of systems produced from sinks
for which the nucleon is boosted and the quarkonium is at
rest The black point correspond to the system produced at
rest. Triangles (squares) denote results from lattice volumes
with spatial extent L = 24 (L = 32).

overlap onto the continuum states remains of order unity,
dictated by the lattice volume. While the bound state
dominates the correlation functions for � ⇠ 0, its contri-
bution will be suppressed for interpolating operators with
relative momenta that are of order or greater than the
binding momentum of the state. At intermediate times
from the source, the e↵ective mass plots associated with
such systems may exhibit a “plateau” with an energy
that exceeds the actual energy of the bound state. Toy
models of such systems, with two or more nearby states,
can be readily constructed that exhibit such behavior,
and there are sets of natural-sized parameters that are
consistent with the behavior seen in the numerical re-
sults. Only at very large times can the true ground state
be extracted, but at these times the signal-to-noise ra-
tio has degraded to the point where the energy cannot
be usefully constrained at the current (and foreseeable)
statistical precision. The observed approximate linearity
in �2 is consistent with this scenario, but our argument
remains a conjecture at this point. In order to convinc-
ingly diagnose the origin of this momentum dependence,
a more extensive set of calculations are required, involv-
ing single- and multi-hadron sources and sinks, and utiliz-
ing the full machinery of the variational method [39, 40].

Our current understanding of the observed relative-
velocity dependence of the extracted binding energies of
the quarkonium-nucleus systems remains incomplete and
it is possible that these concerns also e↵ect the zero ve-
locity systems. The associated systematic uncertainties
must be more concretely quantified in future calculations,
however the relatively weak dependence on � near � = 0,

USQCD Science Highlights: Spectroscopy

Study at mπ~800 MeV using 
strangonium and charmonium 	

Energy shift from Mη+MA (also 
for J/Ѱ) in multiple volumes to 
extract infinite volume binding 
energy	

Binding energy vs A: very strong	

LHCb pentaquarks (J=3/2, 5/2)!	

Recent LQCD work	

b baryons	

X(3872), Y(4140),…
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Pentaquark

[NPLQCD, 1410.7069 = Phys.Rev. D91 (2015), 114503]
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[8, 10, 12]. The masses of baryons containing nb bottom quarks have been o↵set by �nb · (3000 MeV) to fit them into this plot.
Note that the uncertainties of our results for nearby states are highly correlated, and hyperfine splittings such as M⌦⇤
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can in fact be resolved with much smaller uncertainties than apparent from this figure (see Table XIX).

[Z Brown et al. PRD 2014]

Recently 
measured 	
by LHCb
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LQCD spectroscopy important for motivation of flagship 
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Gluon-rich states in the 1.8-2.7 GeV energy range  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Initial LQCD calculations motivated the experiment and guided its design. 
Recent LQCD results confirm the mass range of the predicted particles. And 
in the future, LQCD calculations of hadron dynamics will play a critical role 
in the analysis of the data.	

	 	 	 	 	 — 2015 Nuclear Physics Long Range Plan



USQCD Science Highlights: Interactions

!

Program to extract resonances 
from finite volume Euclidean lattice 
QCD calculations	

New formalism to deal with matrix 
elements  in scattering states	

First study of πγ*→ππ	

Extracts form factor at ρ pole 
(properties of unstable particles)	

Exciting progress towards radiative 
decays for GlueX 
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FIG. 3. The top panel shows m⇡

��A⇡⇡,⇡�?

�� as a function
of the c.m. ⇡⇡ energy. This is determined for two di↵erent
values of Q2/GeV2 = 0, 0.803. For comparison, in the lower
panel we show the absolute values of the elastic ` = 1 ⇡⇡
amplitude,

��M`=1
⇡⇡

��.

we plot this as a function of the c.m. energy. That
the peak cross section for m

⇡

⇠ 400MeV is significantly
larger than phenomenological parametrizations of the
physical cross section [44, 45] can be easily understood:
near the resonance we have

lim
E

?
⇡⇡!m⇢

�(⇡+� ! ⇡+⇡0) / q?
⇡�

F 2

⇡⇢

(m
⇢

, 0)

m2

⇡

�
1

(m
⇢

)
,

and the q?
⇡�

F 2

⇡⇢

(m
⇢

, 0)/m2

⇡

ratio we find to be approx-
imately 60% of the experimental value, and we expect
this to vary only slowly with changing quark mass. On
the other hand, the width of the ⇢ resonance when
m

⇡

⇠ 400MeV, 12.4(6) MeV [42], is approximately 12
times smaller than the experimental width [46], scaling
as expected for an approximately quark mass indepen-
dent coupling, g

⇢⇡⇡

, with reduced P -wave phase-space.
This suggests that as future calculations are performed
with quark masses closer to their physical values, and as
the ⇢ resonance becomes broader [26], the ⇡+� ! ⇡+⇡0

cross section will decrease by an order of magnitude. For
comparison, in Fig. 4 we plot the ` = 1 ⇡+⇡0 elastic
cross section, whose factor of 5 kinematic enhancement
with respect to the experimental determination (see for
example, Ref. [47]) can be understood by the 1/q?2 de-
pendence in the vicinity of the resonance.

d. Final remarks: We have presented the first de-
termination of a resonant radiative transition amplitude
from QCD. This exploratory study of ⇡⇡ ! ⇡�?, al-
though performed with unphysically heavy light quarks,
serves as a proof of principle that hadronic transition pro-
cesses involving resonating few-body states can be rigor-
ously studied using lattice QCD. We have demonstrated
how from this amplitude, by analytically continuing to
a pole in the complex energy plane, one may obtain the
⇢ ! ⇡�? form factor where the ⇢ is treated as an unsta-
ble resonance, and have also obtained the ⇡+� ! ⇡+⇡0

FIG. 4. The top panel shows the ⇡+� ! ⇡+⇡0 cross section
as a function of the ⇡⇡ c.m. energy. The lower panel shows
the elastic ` = 1 scattering cross section. One observes near
the resonance the enhancement of the ⇡+� ! ⇡+⇡0 cross
section.

cross section, and discussed how we expect the results to
change in future calculations using lighter quark masses.
Closely related techniques can be implemented in fu-

ture studies of hadron structure and weak decays. As
well as the obvious extension into the baryon sector,
�?N ! N? ! N⇡, there are processes important
for testing the limits of the standard model such as
B ! K⇡ `+`� [48, 49], where the K⇡ system is known
to resonate.
Having demonstrated in this work the feasibility of

studying radiative transition of two-body hadronic res-
onances directly from QCD, future studies will focus on
the extension of this work. The technology for studying
transition amplitudes with any number of open two-body
states has been already developed [38, 39] and here we
have tested it in the case where there is only one chan-
nel open. Future calculations will accommodate simi-
lar processes involving resonances that decay strongly to
more than one hadronic state, for example K�? ! K? !
K⇡/K⌘ [24, 25] and ⇡�? ! ⇢? ! ⇡⇡/KK [26]. Further-
more, given the recent and exciting theoretical develop-
ment for the study of three strongly interacting parti-
cles via lattice QCD [20–23], we can also expect electro-
magnetic transition amplitudes involving three or more
hadrons (e.g. N�? ! N? ! N⇡⇡). 3
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We point the reader to a recent indirect calculation of np ! d�
for heavy quark masses where both the isotriplet and isosinglet

two-nucleon ground states are bound [50].

3

FIG. 1. The points appearing in the upper panel depict the
form factor determined from lattice QCD for three ⇡⇡ energy
levels. The index n labels the order in which the state appears
in the spectrum. Also shown are the fits of the form factor
performed using Eq. (6) and evaluated at the three ⇡⇡ ener-
gies. The corresponding P -wave phase shift and ⇡⇡ energy is
shown on the lower panel.

which is proportional to the elastic ⇡⇡ ! ⇡⇡ scat-

tering amplitude M`=1

⇡⇡

= 8⇡E

?
⇡⇡

q

?
⇡⇡

sin �
1

ei�1 with q?
⇡⇡

=
1

2

p
E?2

⇡⇡

� 4m2

⇡

. In Refs. [34, 38] it was demonstrated
that this parametrization is consistent with the analytic-
ity and unitarity constraints required in scattering the-
ory. The presence of the energy-dependent ⇢ ! ⇡⇡
strong decay width, �

1

, can be understood in the con-
text of an e↵ective field theory where the rescattering
of the final ⇡⇡ states is mediated by a fully dressed ⇢
resonance (see the appendices of Ref. [38]).

The derivative of the phase shift, d�1
dE

?
⇡⇡

, appears in R
– to compute it we use a sensible parametrization for
�
1

(E?

⇡⇡

), the relativistic Breit-Wigner function [40].
In Fig. 1 we present the computed form factor for three

of the eight ⇡⇡ energies studied, using the Breit-Wigner
parametrization for the phase shift, where we observe
that both spacelike and timelike Q2 kinematics are sam-
pled. It is evident that F

⇡⇢

(E?

⇡⇡

, Q2) has only a mild
dependence on E?

⇡⇡

, with the sharply peaked resonant
behavior having been captured by the sin �

1

(E?

⇡⇡

) factor
in Eq. (5).

To analytically describe the E?

⇡⇡

and Q2 dependence
of the form factor we introduce an ansatz,
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), (6)

where the parameters ↵
i

and �
i

are to be fitted and the
constantm

0

is fixed to 2.1805m
⇡

to coincide with the real
part of the ⇢ mass. To fit the form factor, we vary the
form being used by setting a subset of these coe�cients to
zero and thus consider over 15 di↵erent fit functions. We
also consider fits where the points in the timelike Q2 re-
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FIG. 2. The upper panel shows the real part of the form
factor determined in this work [orange band] evaluated at the
⇢ pole, E⇢/m⇡ = 2.1805(32) � 0.0151(5)i. This is compared
with the value obtained in Ref. [9] [green band], where the ⇢
resonance is QCD stable, and the experimentally determined
⇢⇡ photocoupling [6, 7]. The lower panel shows the previously
undetermined imaginary component of the form factor.

gion are excluded. From all fits performed, we retain only
those that have a �2/DOF  1.5, and we find that no fit
lacking E?

⇡⇡

-dependent terms satisfies this. The bands
shown in Figure 1 reflect the parametrization variation
as will the uncertainties on all quantities quoted below.
With an analytic description of the E?

⇡⇡

dependence
of form factor, we may analytically continue to the ⇢
pole at E?

⇡⇡

= [2.1805(32) � i 0.0151(5)]m
⇡

. The Q2

dependence of the resulting form factor is shown in Fig. 2,
with the small imaginary part reflecting the fact that the
⇢ resonance in this calculation is unstable, but with a
small hadronic width – as the pion mass is decreased in
future lattice calculations [26], the width will increase
and with it the imaginary part of the form factor.

The transition amplitude, A
⇡⇡,⇡�

? , follows from
Eq. (5,) where the phase is fixed up to an overall sign by
Watson’s theorem to be the ⇡⇡ ! ⇡⇡ phase shift. The
remaining sign only has meaning in comparison to other
transition amplitudes, and consequently, we need only
present the absolute value of A

⇡⇡,⇡�

? . In Fig. 3 we plot
m

⇡

��A
⇡⇡,⇡�

?

�� as a function of E?

⇡⇡

for two values of Q2.
This figure illustrates that as the ⇡⇡ energy approaches
the ⇢ pole, the transition amplitude is dynamically en-
hanced by the resonance as one would expect. The res-
onant behavior, as a function of E?

⇡⇡

, arises solely from
the R factor in Eq. (2); it is not due the parametrization
in Eq. (5) which simply serves as the definition of the
form factor
From Eq. (4), one may readily obtain the ⇡+� ! ⇡+⇡0

cross section in terms of the reduced amplitude, A
⇡⇡,⇡�

?

evaluated at Q2 = 0,

�(⇡+� ! ⇡+⇡0) = ↵
q?
⇡⇡

q?
⇡�

m2

⇡

���A
⇡⇡,⇡�

?(E?2

⇡⇡

, 0)
���
2

, (7)

where q?
⇡⇡

, q?
⇡�

are the c.m. relative momenta. In Fig. 4
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USQCD Science Highlights: Nuclei 

Thermal neutron capture process 
np→dγ crucial in BBN	

Magnetic field mixes J=0, J=1 states, 
mixing proportional to amplitude	

LQCD spectroscopy in B field:  
two-body EM coupling L1 (meson-
exchange current) ~ 10% effect	

Extrapolation to physical mass 
 
 
c.f.
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Lattice QCD calculations of two-nucleon systems are used to isolate the short-distance two-body
electromagnetic contributions to the radiative capture process np ! d�, and the photo-disintegration
processes �(⇤)d ! np. In nuclear potential models, such contributions are described by phenomeno-
logical meson-exchange currents, while in the present work, they are determined directly from the
quark and gluon interactions of QCD. Calculations of neutron-proton energy levels in multiple
background magnetic fields are performed at two values of the quark masses, corresponding to pion
masses of m⇡ ⇠ 450 and 806 MeV, and are combined with pionless nuclear e↵ective field theory to
determine these low-energy inelastic processes. Extrapolating to the physical pion mass, a cross sec-
tion of �lqcd(np ! d�) = 332.4( +5.4

�4.7 ) mb is obtained at an incident neutron speed of v = 2, 200 m/s,

consistent with the experimental value of �expt(np ! d�) = 334.2(0.5) mb.

PACS numbers: 11.15.Ha, 12.38.Gc, 13.40.Gp

The radiative capture process, np ! d�, plays a crit-
ical role in big-bang nucleosynthesis (BBN) as it is the
starting point for the chain of reactions that form most
of the light nuclei in the cosmos. Studies of radia-
tive capture [1–3], and the inverse processes of deuteron
electro- and photo-disintegration, �(⇤)

d ! np [4–7], have
constrained these cross-sections and have also provided
critical insights into the interactions between nucleons
and photons. They conclusively show the importance of
non-nucleonic degrees of freedom in nuclei, which arise
from meson-exchange currents (MECs) in the context
of nuclear potential models [8, 9]. Nevertheless, in the
energy range relevant for BBN, experimental investiga-
tions are challenging [10]. For the analogous weak in-
teractions of multi-nucleon systems, considerably less is
known from experiment but these processes are equally
important. The weak two-nucleon interactions currently
contribute the largest uncertainty in calculations of the
rate for proton-proton fusion in the Sun [11–17], and in
neutrino-disintegration of the deuteron [18], which is a
critical process needed to disentangle solar neutrino os-
cillations. Given the phenomenological importance of
electroweak interactions in light nuclei, direct determi-
nations from the underlying theory of strong interaction,
quantum chromodynamics (QCD), are fundamental to
future theoretical progress. Such determinations are also
of significant phenomenological importance for calibrat-
ing long-baseline neutrino experiments and for investiga-

tions of double beta decay in nuclei. In this Letter, we
take the initial steps towards meeting this challenge and
present the first lattice QCD (LQCD) calculations of the
np ! d� process. The results are in good agreement with
experiment and show that QCD calculations of the less
well-determined electroweak processes involving light nu-
clei are within reach. Similarly, the present calculations
open the way for QCD studies of light nuclear matrix ele-
ments of scalar [19] (and other) currents relevant for dark
matter direct detection experiments and other searches
for physics beyond the Standard Model.
The low-energy cross section for np ! d� is conve-

niently written as a multipole expansion in the electro-
magnetic (EM) field [20, 21],

�(np ! d�) =
e

2(�2

0

+ |p|2)3
M

4

�

3

0

|p| |X̃
M1

|2 + ... , (1)

where X̃

M1

is the M1 amplitude, �
0

is the binding mo-
mentum of the deuteron, M is the mass of the nucleon,
and p is the momentum of each incoming nucleon in the
center-of-mass frame. The ellipsis denotes the contribu-
tion from E1 and higher-order multipoles (higher multi-
poles can be included systematically and improve the re-
liability of the description [22], but are not relevant at the
level of precision of the present work). In a pionless e↵ec-
tive field theory expansion [23–25], employing dibaryon
fields to resum e↵ective range contributions [26, 27], the
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The radiative capture process, np ! d�, plays a crit-
ical role in big-bang nucleosynthesis (BBN) as it is the
starting point for the chain of reactions that form most
of the light nuclei in the cosmos. Studies of radia-
tive capture [1–3], and the inverse processes of deuteron
electro- and photo-disintegration, �(⇤)

d ! np [4–7], have
constrained these cross-sections and have also provided
critical insights into the interactions between nucleons
and photons. They conclusively show the importance of
non-nucleonic degrees of freedom in nuclei, which arise
from meson-exchange currents (MECs) in the context
of nuclear potential models [8, 9]. Nevertheless, in the
energy range relevant for BBN, experimental investiga-
tions are challenging [10]. For the analogous weak in-
teractions of multi-nucleon systems, considerably less is
known from experiment but these processes are equally
important. The weak two-nucleon interactions currently
contribute the largest uncertainty in calculations of the
rate for proton-proton fusion in the Sun [11–17], and in
neutrino-disintegration of the deuteron [18], which is a
critical process needed to disentangle solar neutrino os-
cillations. Given the phenomenological importance of
electroweak interactions in light nuclei, direct determi-
nations from the underlying theory of strong interaction,
quantum chromodynamics (QCD), are fundamental to
future theoretical progress. Such determinations are also
of significant phenomenological importance for calibrat-
ing long-baseline neutrino experiments and for investiga-

tions of double beta decay in nuclei. In this Letter, we
take the initial steps towards meeting this challenge and
present the first lattice QCD (LQCD) calculations of the
np ! d� process. The results are in good agreement with
experiment and show that QCD calculations of the less
well-determined electroweak processes involving light nu-
clei are within reach. Similarly, the present calculations
open the way for QCD studies of light nuclear matrix ele-
ments of scalar [19] (and other) currents relevant for dark
matter direct detection experiments and other searches
for physics beyond the Standard Model.
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Ultra-cold neutron beta decay 
experiments (UCNB/b) at LANL 	

Decay rate	

!

Presence of non-SM scalar or tensor 
couplings modifies b, B 	

Constraint on BSM requires precise 
scalar and tensor couplings gS, gT 	

PNDME collaboration: most precise 
calculations to date
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Probing TeV Physics through Lattice Neutron-Decay Matrix Elements Huey-Wen Lin

the neutron polarization ~sn.

dG µ F(Ee)


1+a

~pe · ~pn
EeEn

+b
me

Ee
+B

~sn ·~pn
En

+A
~sn ·~pe

Ee
+ . . .

�
, (1.2)

where ~pe and ~pn are the outgoing electron and neutrino momenta, and Ee,n are the electron and
neutrino energies. F(Ee) is the tree-level SM electron energy spectrum in the no-recoil limit.

Within the SM, a and A are O(1), whereas b and the energy-dependent component bn in
B = B0 +(me/Ee)bn are O(10�3) and known from theory to the level of 10�5 [10]. Therefore,
deviations from the SM predictions for b and bn at a level larger than O(10�5) would unambigu-
ously signal the presence of BSM interactions [10, 11]. These parameters are much less accessible
in high-energy experiments, because the interference of new interactions with the SM amplitudes
always involves a spin flip, which is suppressed by the factor me/Ee ⌧ 1, while in neutron decay
me/Ee ⇠ 1.

On left-hand side of Fig. 1, we show how precision measurements of b and bn at the 10�3 level
can reveal the existence of new physics with mass scale Li in the multi-TeV range, which will be ex-
plored directly at the LHC. Furthermore, the two panels highlight the difference in bounds between
using previous phenomenological estimates for gS and gT and current LQCD estimates. In these
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Figure 1: (Left) 90% confidence level (CL) allowed regions in the eS-eT plane implied by (i) the existing
bound on b0+ characterizing the 0+ ! 0+ nuclear beta decays (green horizontal band); (ii) projected mea-
surements of b and bn � b in neutron decay (red bow-tie shapes and blue regions) at the 10�3 level; (iii)
hadronic matrix elements taken in the ranges 0.25 < gS < 1.0, 0.6 < gT < 2.3 [8]. (Right) Combined 90%
CL allowed regions in the eS-eT plane based on existing limits on b0+ from 0+ ! 0+ nuclear beta decays
and future neutron-decay measurements with projected sensitivity of 10�3 in b and bn �b. The four curves
correspond to four different scenarios for the hadronic matrix elements: 0.25 < gS < 1.0, 0.6 < gT < 2.3 as
quoted in Ref. [8]; lattice results with current central values from Ref. [12]) and dgS/gS = 50%,20%,10%
with dgT/gT = 2/3 dgS/gS (this choice assumes that the ratio of fractional uncertainties in gS and gT will
remain approximately constant as these uncertainties decrease). The effective couplings eS,T are defined in
the MS scheme at 2 GeV. Note that the decrease in the allowed region becomes small for dgS/gS < 20%,
below which the constraints are dominated by the experimental uncertainty.
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LHC:  
√s = 8 TeV                   
L = 20, fb-1 

Low-energy: 
gS,T from quark model 

Low-energy: 
gS,T from lattice

CURRENT CONSTRAINTS PROSPECTIVE CONSTRAINTS

Low-energy: 
gS,T from quark model 

Low-energy: 
gS,T from lattice

LHC:  
√s = 14 TeV     

L = 10, 300 fb-1

FIG. 28. Left panel: current 90% CL constraints on (✏S) and (✏T ) from beta decays (⇡ ! e⌫� and 0+ ! 0+) and the LHC
(pp ! e⌫ +X) at

p
s = 8 TeV. Right panel: prospective 90% CL constraints on (✏S) and (✏T ) from beta decays and the LHC

(pp ! e⌫ + X) at
p
s = 14 TeV. The low-energy constraints correspond to 0.1% measurements of B, b in neutron decay and

b in 6He decay. In both panels we present the low-energy constraints under two di↵erent scenarios for the scalar and tensor
charges gS,T : quark model [66] (large dashed contour) and lattice QCD results given in Table XXII (smaller solid contour).

HISQ ensemble at a = 0.06 fm. Lastly, to address pos-
sible systematic e↵ects due to using the clover-on-HISQ
formulation versus a unitary lattice formulation, we have
started calculations with similar statistics and method-
ology using the clover-on-clover formulation [30].

For the tensor charges, we find that the dependence
on the lattice volume, lattice spacing and the light-quark
mass is small, and a simultaneous fit in these variables,
keeping just the lowest-order corrections, gives reliable
estimates of the physical value. Our final estimate for
the isovector tensor charge, gu�d

T = 0.987(51)(20), is
in good agreement with the previously reported esti-
mate [11] and is more accurate than phenomenological
estimates as shown in Fig. 27.

We have also updated our estimates for the connected
parts of the flavor-diagonal charges. New estimates of
the tensor charges of the proton, needed for the analysis
of the contribution of the quark EDM to the neutron
EDM [11, 20], are guT = 0.792(42) and gdT = �0.194(14).

The extraction of the scalar charge of the proton has
larger uncertainty. The statistical errors in the lat-
tice data for gu�d

S (a,M⇡,M⇡L) are 3–5 times those in
gu�d
T (a,M⇡,M⇡L), and the data show significant depen-
dence on the lattice spacing a and a weaker dependence
on the pion mass M⇡. Our estimate, gu�d

S = 0.97(12)(6),
is in very good agreement with the estimate gu�d

S =
1.02(8)(7) obtained using the conserved vector current re-

lation in Ref. [57]. Previous lattice-QCD estimates sum-
marized in Fig. 26 have larger errors but are consistent
with these two estimates as discussed in Sec. VIII.
Finally, our results, gu�d

S = 0.97(12)(6) and gu�d
T =

0.987(51)(20), meet the target uncertainty of 15% re-
quired to maximize the impact of future measurements
of the helicity-flip parts of the neutron decay distribu-
tion with 10�3 accuracy [7]. The status of current and
prospective constraints on novel scalar and tensor inter-
actions, ✏S,T , using our improved estimates of gS,T are
given in Sec. IX. Our goal for the near future is to fur-
ther understand and reduce all the systematic uncertain-
ties in the estimate of gu�d

A , a benchmark for evaluating
the accuracy achievable in lattice-QCD calculations of
the matrix elements of quark bilinear operators within
nucleon states.
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USQCD Science Program: new directions

2015 Long Range Plan highlighted two new 
experimental thrusts 	

Ton scale ββ decay experiment	

Electron-Ion Collider	

Already initial proposals for relevant LQCD 
calculations	

ΔI=2 transitions (pp→nn) to constrain 
nuclear many-body matrix element 
calculations	

Gluonic structure calculations
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Figure 2: The neutrinoless double-beta decay; ”state-of-the-art” NMEs: QRPA [30] (red bars) and [21, 22]
(diamonds), ISM [31] (squares), IBM [25] (circles), and GCM [26] (triangles).

the 0ν operator to learn which are the properties of the initial and final nuclei to which it is
more sensitive.

4.1. The Role of the Pair Structure of Wave Functions in the NMEs

The two-body decay operator can be written in the Fock space representation as follows:

M̂(0ν) =
∑

J

⎛

⎝
∑

i,j,k,l

MJ
i,j,k,l

((
a†
i a

†
j

)J
(akal)J

)0
⎞

⎠, (4.2)

where the indices i, j, k, and l run over the single-particle orbits of the spherical nuclear mean
field. Applying the techniques of [34], we can factorize the operators as follows:

M̂(0ν) =
∑

Jπ
P̂ †
Jπ P̂Jπ . (4.3)

The operators P̂Jπ annihilate pairs of neutrons coupled to Jπ in the parent nucleus, and
the operators P̂ †

Jπ substitute them by pairs of protons coupled to the same Jπ . The overlap
of the resulting state with the ground state of the grand daughter nucleus gives the Jπ -
contribution to the NME. The—a priori complicated—internal structure of these exchanged
pairs is dictated by the double-beta decay operators.

In order to explore the structure of the 0νββ two-body transition operators, we have
plotted in Figure 3 the contributions to the 0ν GT matrix element as a function of the Jπ

of the decaying pair in the A = 82 and A = 130 cases. The results are very suggestive,
because the dominant contribution corresponds to the decay of J = 0 pairs, whereas the
contributions of the pairs with J > 0 are either negligible or have opposite sign to the leading
one. This behavior is common to all the cases that we have studied and is also present in
the QRPA calculations, in whose context they had been discussed in [23, 35]. To grasp better
this mechanism, we shall work in a basis of generalized seniority s (s counts the number of

[Giuliani & Poves, Adv High Energy Phys 2012 857016]
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Precision goals in NP are more diverse than in flavour physics or g-2	

1. Well understood quantities with precision goals 	

gA, <x>, π π scattering, …	

2. More qualitative quantities	

Interested in understanding QCD for QCD’s sake	

Excited state spectrum: currently features more important than 
numbers but this may change in future	

3. More exploratory quantities	

Light nuclear matrix elements, phase shifts above inelastic  
thresholds, quark chroma-EDM, hadronic parity violation….

Precision Goals and Progress
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Cold NP Precision Goals

Quantities with currently quantifiable uncertainties and goals	

!

!

!

!

!

!

!

!

!

Most goals achievable achievable in 2021 timeframe

Quantity Current 
uncertainty

Uncertainty!
Goal Impact/Target

5% 3%→1% Benchmark of LQCD; Neutrino-nucleus X-secs  
Vud given high enough precision

~20% 5% Understanding the spin of the proton

20%, 7% 10%, 3% Ultracold neutron experimental searches for  
BSM interactions in neutron decay

1% ✓ More precise than experiment/phenomenology

25% 10% Input for dark matter direct detection experiments;  
mu2e conversion

~15% 5% Aim for ab initio input to PDFs (USQCD goal)

~10% 2% Impact proton radius puzzle

20% 5% pp fusion; next generation neutrino detectors
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Precision Goals and Progress

Precision goals in NP are more diverse than in flavour physics or g-2	

1. Well understood quantities with precision goals 	

gA, <x>, π π scattering, …	

2. More qualitative quantities	

Interested in understanding QCD for QCD’s sake	

Excited state spectrum: currently features more important than 
numbers but this may change in future	

3. More exploratory quantities	

Light nuclear matrix elements, phase shifts above inelastic  
thresholds, quark chromo-EDM, hadronic parity violation….
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Projected Computational Costs

Costs of different project aspects (structure, spectroscopy, 
interactions) set out in project proposals and whitepapers	

Production/measurement plans out until 2025 in recent  
NP/ASCR exascale readiness meeting*	

Science enabled by gauge configuration generation projects 
Cold NP uses	

Isotropic clover fermions: structure, interactions, spectroscopy	

Anisotropic clover fermions: spectroscopy	

HISQ staggered fermions: structure	

DW fermions: structure	

Measurement costs larger than gauge generation:  
make use of USQCD capacity hardware

20* http://www.orau.gov/npexascale2016/
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Cold QCD Resources

Projections assumed Moore’s law 
(x2 in 1.5yrs) growth (flat funding)	

2016: USQCD resources have 
stayed flat  (6x deficit since 2012)	

Many excellent projects are only 
partly supported 	

Reduced efforts on axial 
couplings to nuclei	

Reduced efforts on GlueX 
spectroscopy	

Reduced efforts on proton 
form factors/charge radius
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USQCD Cold NP

4 USQCD cold NP PRLs and 
~20 cold NP USQCD journal 
articles 
f d after 2015 and a XY	

5 US faculty positions in cold 
NP LQCD in 2015/6 !	

Lin (MSU)	

Shindler (MSU)	

Syritsyn (Stony Brook)	

Constantinou (Temple)	

Dudek (William & Mary)
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Unitary Limit of Two-Nucleon Interactions in Strong Magnetic Fields
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Two-nucleon systems are shown to exhibit large scattering lengths in strong magnetic fields at unphysical
quarkmasses, and the trends toward the physical values indicate that such features may exist in nature. Lattice
QCD calculations of the energies of one and two nucleons systems are performed at pionmasses ofmπ ∼ 450

and 806 MeV in uniform, time-independent magnetic fields of strength jBj ∼ 1019–1020 G to determine the
response of these hadronic systems to largemagnetic fields. Fields of this strengthmay exist insidemagnetars
and in peripheral relativistic heavy ion collisions, and the unitary behavior at large scattering lengthsmay have
important consequences for these systems.

DOI: 10.1103/PhysRevLett.116.112301

Inmost physical situations, external electromagnetic (EM)
fields have only small effects on hadronic and nuclear
systems, whose structure and dynamics are dominated by
the internal strong interactions arising from quantum
chromodynamics (QCD) and internal EM interactions.
However, there are specific situations involving extremely
large EM fields, created either naturally in astrophysical
environments or in particle colliders, for which the effects of
external fields are important. In magnetars, high magnetic
field rotating neutron stars [1], surface magnetic fields are
observed up toOð1014Þ G (for reviews, see, e.g., Refs. [2,3]),
and it is conjectured that interior magnetic fields reach up to
Oð1019Þ G [4]. In heavy ion collisions, the currents produced
by relativistic nuclei lead to large magnetic fields within the
projectiles, particularly during (ultra-)peripheral collisions
[5]. It is estimated that fields of Oð1019Þ G are experienced
by the nuclei during the femtoseconds of the nuclear cross-
ings [5]. Neither of these environments are easy to probe in a
controlled way, and the detailed behavior of nuclei in such
fields is an open question. As a step toward exploring nuclei
in these extreme magnetic environments, we present the
results of calculations of the effects of uniform, time-
independent magnetic fields on two-nucleon (as well as
two-hyperon) systems performed with the underlying quark
and gluon degrees of freedom. We find that such fields can
potentially unbind the deuteron and significantly modify the

nucleon-nucleon (NN) interactions in the 1S0 channel. At the
unphysical quark masses where the calculations are per-
formed, the scattering lengths in both the 3S1–3D1 and 1S0
channels diverge at particular values of the field strength.
Near these values, the low-energy dynamics of these systems
will become unitary. The trends seen towards the physical
values of the quarkmasses suggest that this featuremay exist
in nature in some of these systems. The prospect of such
resonant behavior in nuclear systems is exciting and it will be
important to incorporate this effect into models of magnetars
and heavy ion collisions in which the relevant field strengths
are probed.
Before presenting the results of our calculations, it is

interesting to consider phenomenological expectations for
the behavior of such systems. Significant effort has been
devoted to understanding the nature of the QCD vacuum in
strong magnetic fields (see Ref. [6] for a review), but effects
specific to hadronic systems are not well studied. For small,
constant magnetic fields, the responses of the two-nucleon
systems beyond their charges are governed by their
magnetic moments if the system has spin, and otherwise
by their magnetic polarizabilities. The deuteron has a
magnetic moment such that in a magnetic field in the z
direction the jz ¼ þ1 component is positively shifted in
energy with respect to the breakup threshold [7] and so an
approach toward unbinding in a magnetic field is plausible.
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Resonant πþγ → πþπ0 Amplitude from Quantum Chromodynamics
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We present the first ab initio calculation of a radiative transition of a hadronic resonance within quantum
chromodynamics (QCD). We compute the amplitude for ππ → πγ⋆, as a function of the energy of the ππ
pair and the virtuality of the photon, in the kinematic regime where ππ couples strongly to the unstable ρ
resonance. This exploratory calculation is performed using a lattice discretization of QCD with quark
masses corresponding to mπ ≈ 400 MeV. We obtain a description of the energy dependence of the
transition amplitude, constrained at 48 kinematic points, that we can analytically continue to the ρ pole and
identify from its residue the ρ → πγ⋆ form factor.

DOI: 10.1103/PhysRevLett.115.242001 PACS numbers: 12.38.Gc, 13.20.-v, 13.40.Gp, 13.60.Le

Introduction.—The electromagnetic transitions of the
nucleon into unstable resonant N⋆ excitations are primary
tools in the experimental study of nucleon structure and
spectroscopy [1]. These processes give us insight into the
mechanisms that lead to the formation of the low-lying and
excited hadrons from the basic quark and gluon building
blocks of quantum chromodynamics (QCD). It is crucial to
have a complementary theoretical program that connects
physically observed transitions to QCD. One major chal-
lenge in studying these transitions is their resonant nature,
where the N⋆ excitation decays rapidly to asymptotic
scattering states composed of two or more stable hadrons.
To investigate these processes within QCD, one needs a
nonperturbative framework that can accommodate resonant
behavior, and presently, latticeQCD is the only available tool
to evaluate such observables while making only controlled
approximations. Its implementation for the determination of
properties of hadron resonances is still at an exploratory
stage, and in this work we will extend the exploration into a
new area with the first calculation of a radiative production
amplitude of an unstable hadronic resonance from QCD.
Before attempting the more complicated baryonic case of

γ⋆N → N⋆ → Nπ, we will consider a simpler problem
featuring only mesons, πγ⋆ → ρ → ππ, which in addition
to serving as the first of a new class of observables to be
studied, is itself of significant phenomenological interest.
The amplitude for this process is related to the hadronic
contribution to the anomalousmagneticmoment of themuon
[2,3], the chiral anomaly [4,5], and the ρ → πγ radiative
decay rate [6,7], and appears in meson-exchange models of
nuclear structure [8]. The ρ → πγ⋆ transition has been

previously studied using lattice methods (see, for example,
Refs. [9–11]), but prior to this work the ρ has always been
treated as a stable hadron, incapable of decay to ππ, in
contrast to how it appears in experiment.This approximation,
which is uncontrolled for light quark masses such as those
used in Refs. [10,11], is removed in the present work.
The perturbative nature of quantum electrodynamics

ensures that to an excellent approximation the ππ → πγ⋆

amplitude can be obtained from matrix elements of the
electromagnetic current J μ ¼ 2

3 ūγ
μu − 1

3 d̄γ
μd,

Hμ
ππ;πγ⋆ ¼ hout; π; PπjJ μ

x¼0jin; ππ; Pππ;l ¼ 1i; ð1Þ

where the ππ state has been projected onto an l ¼ 1 partial
wave, and where Pππ and Pπ are the 4-momenta of the ππ
and π states, respectively. We will determine this amplitude
as a function of the c.m. frame energy of the pion pair E⋆

ππ
and the virtuality of the photon Q2 ¼ −ðPπ − PππÞ2 by
evaluating correlation functions using lattice QCD.
Lattice QCD calculations are performed in a finite,

discretized Euclidean spacetime, and this introduces three
length scales into the theory: the lattice spacing a and the
spatial (L) and temporal (T) extents of the volume. For
studies of stable hadrons not featuring heavy quarks,
provided mπT;mπL ≫ 1 and a ≪ 1 fm, the typical length
scale associated with hadrons, these approximations intro-
duce only small and controllable systematic errors.
The restriction to a finite volume in space prohibits the

definition of asymptotic states, making the relationship
between few-body observables obtained via lattice QCD
and the scattering amplitudes of infinite-volume QCD
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Neutron Electric Dipole Moment and Tensor Charges from Lattice QCD
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We present lattice QCD results on the neutron tensor charges including, for the first time, a simultaneous
extrapolation in the lattice spacing, volume, and light quark masses to the physical point in the continuum
limit. We find that the “disconnected” contribution is smaller than the statistical error in the “connected”
contribution. Our estimates in the modified minimal subtraction scheme at 2 GeV, including all systematics,
are gd−uT ¼ 1.020ð76Þ, gdT ¼ 0.774ð66Þ, guT ¼ −0.233ð28Þ, and gsT ¼ 0.008ð9Þ. The flavor diagonal charges
determine the size of the neutron electric dipole moment (EDM) induced by quark EDMs that are gene-
rated in many new scenarios of CP violation beyond the standard model. We use our results to derive
model-independent bounds on the EDMs of light quarks and update the EDM phenomenology in split
supersymmetry with gaugino mass unification, finding a stringent upper bound of dn < 4 × 10−28 e cm
for the neutron EDM in this scenario.

DOI: 10.1103/PhysRevLett.115.212002 PACS numbers: 12.38.Gc, 11.15.Ha

Low-energy precision measurements of neutron proper-
ties provide unique probes of new physics at the TeV scale.
Searches for the neutron permanent EDM dn have high
sensitivity to new beyond the standard model (BSM)
CP-violating interactions. Similarly, precision studies of
correlations in neutron decay are sensitive to possible BSM
scalar and tensor interactions. To fully realize the potential
of the vibrant existing experimental neutron physics pro-
gram [1], one needs to accurately calculate matrix elements
of appropriate low-energy effective operators within neu-
tron states. In this Letter, we describe lattice QCD calcu-
lations of the neutron tensor charges. In the future, these
charges will be extracted with competitive precision from
various measurements of the quark transversity distribu-
tions at Jefferson Lab [2], and provide robust tests of the
lattice results.
The flavor diagonal charges gu;d;sT are needed to quantify

the contribution of the quark EDM to the neutron EDM and
thus set bounds on BSM sources of CP violation. We find
that the contribution of the “disconnected” diagrams to guT ,
gdT , and gsT are small. Our results on these charges allow us
to constrain split supersymmetry (SUSY) models.
The isovector charge gd−uT is needed in the analysis of

precision neutron β decay. In Ref. [3] we showed that
to complement experimental measurements of the helicity
flip contributions to neutron β decay at the precision of
planned experiments (10−3 level), we need to calculate the
iso-vector scalar and tensor charges, gd−uS and gd−uT , to about
10% accuracy. Results for gd−uT presented here meet the
desired accuracy with control over all systematic errors,
while gd−uS requires Oð10Þ more statistics.

Details of the lattice QCD calculations are given in a
companion paper [4]. Here we summarize the main
points and focus on the results using nine ensembles of
Nf ¼ 2þ 1þ 1 flavors of highly improved staggered
quarks (HISQ) [5] generated by the MILC Collaboration
[6] and described in Table I. On these ensembles, we
construct correlation functions using Wilson-clover fer-
mions, as these preserve the continuum spin structure. To
reduce short-distance noise, all lattices were “hypercubic”
smeared [7]. Extensive tests were carried out on these nine
hypercubic smeared ensembles to look for the presence
of exceptional configurations [8], a possible problem with
this mixed-action, clover-on-HISQ approach. None were
detected. Issues of statistics, excited state contamination,
operator renormalization, lattice volume, lattice spacing,
and the chiral behavior are detailed in [4].
The flavor diagonal neutron charges gqΓ are defined

by hnðp; sÞjOq
Γjnðp; sÞi ¼ gqΓūsðpÞΓusðpÞ, withO

q
Γ ¼ q̄Γq

and the spinors satisfying
P

susðpÞūsðpÞ ¼ ðpþmÞ. The
interpolating operator we use to create or annihilate the
relativistically normalized neutron state jnðp; sÞi is χðxÞ ¼
ϵabc½qa1TðxÞCγ5 1

2 ð1þ γ4Þqb2ðxÞ&qc1ðxÞ with color indices
fa; b; cg, charge conjugation matrix C, and q1, q2 the two
different flavors of light quark fields.
The zero-momentum projection of χðxÞ couples to the

ground state, all radially excited states of the neutron, and
multiparticle states. To reduce the coupling to radially
excited states we Gaussian smear the quark fields in χðxÞ.
To isolate the remaining excited state contamination, we
include two states in the analysis of the two- and three-point
functions at zero momentum [4]. Even though the excited
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Ab initio Calculation of the np → dγ Radiative Capture Process
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Lattice QCD calculations of two-nucleon systems are used to isolate the short-distance two-body
electromagnetic contributions to the radiative capture process np → dγ, and the photo-disintegration
processes γð"Þd → np. In nuclear potential models, such contributions are described by phenomenological
meson-exchange currents, while in the present work, they are determined directly from the quark and gluon
interactions of QCD. Calculations of neutron-proton energy levels inmultiple backgroundmagnetic fields are
performed at twovalues of the quarkmasses, corresponding to pionmasses ofmπ ∼ 450 and 806MeV, and are
combined with pionless nuclear effective field theory to determine the amplitudes for these low-energy
inelastic processes. At mπ ∼ 806 MeV, using only lattice QCD inputs, a cross section σ806 MeV ∼ 17 mb is
found at an incident neutron speed of v ¼ 2; 200 m=s. Extrapolating the short-distance contribution to the
physical pion mass and combining the result with phenomenological scattering information and one-body

couplings, a cross section of σlqcdðnp → dγÞ ¼ 334.9ðþ5.2
−5.4 Þ mb is obtained at the same incident neutron

speed, consistent with the experimental value of σexptðnp → dγÞ ¼ 334.2ð0.5Þ mb.

DOI: 10.1103/PhysRevLett.115.132001 PACS numbers: 12.38.Gc, 11.15.Ha, 13.40.Gp

The radiative capture process, np → dγ, plays a critical
role in big bang nucleosynthesis (BBN) as it is the starting
point for the chain of reactions that form most of the light
nuclei in the cosmos. Studies of radiative capture [1–3], and
the inverse processes of deuteron electro- and photodisinte-
gration, γð"Þd → np [4–7], have constrained these cross
sections and have also provided critical insights into the
interactions between nucleons and photons. They conclu-
sively show the importance of non-nucleonic degrees of
freedom in nuclei, which arise from meson-exchange cur-
rents (MECs) in the context of nuclear potential models
[8,9]. Nevertheless, in the energy range relevant for BBN,
experimental investigations are challenging [10]. For the
analogous weak interactions of multinucleon systems, con-
siderably less is known from experiment but these processes
are equally important. The weak two-nucleon interactions
currently contribute the largest uncertainty in calculations
of the rate for proton-proton fusion in the Sun [11–17], and
in neutrino-disintegration of the deuteron [18], which is a

critical process needed to disentangle solar neutrino
oscillations. Given the phenomenological importance of
electroweak interactions in light nuclei, direct determinations
from the underlying theory of strong interaction, quantum
chromodynamics (QCD), are fundamental to future theo-
retical progress. Such determinations are also of significant
phenomenological importance for calibrating long-baseline
neutrino experiments and for investigations of double
beta decay in nuclei. In this Letter, we take the initial steps
towards meeting this challenge and present the first lattice
QCD (LQCD) calculations of the np → dγ process. The
results are in good agreement with experiment and show
that QCD calculations of the less well-determined electro-
weak processes involving light nuclei are within reach.
Similarly, the present calculations open the way for QCD
studies of light nuclear matrix elements of scalar [19]
(and other) currents relevant for dark matter direct detection
experiments and other searches for physics beyond the
Standard Model.
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Summary

Cold NP is a vibrant field: important achievements this year	

Precision hadron structure	

Coupled-channel scattering phase shifts	

Nuclear properties	

Closely aligned with NP (HEP) experimental program and long 
term goals of DoE NP	

Transformative period for the field	

Peta/exa-scale resources open the door to precision and 
new possibilities	

Decreased funding is materially impacting progress
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I=2 π π Scattering

I=2 π π scattering is high precision	

scattering length @ 1%
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FIG. 3: Bar chart of the various determinations of the I = 2 ππ scattering length tabulated

in Table IX. We reiterate that the stars on the MILC results indicate that these are not lattice
calculations of the I = 2 ππ scattering length but rather a hybrid prediction which uses MILC’s

determination of various low-energy constants together with the Roy equations.
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FIG. 9: The shaded band is the Lattice QCD prediction of the phase shift at the physical value of
the pion mass, m⇡ ⇠ 140 MeV using NLO �PT with the statistical and systematic uncertainties
combined in quadrature. The data is experimental (black and grey) taken from Refs. [45–48]. The
red vertical line denotes the inelastic (4⇡) threshold.

is not expected to be true for other scattering processes (those not involving the pseudo-
Goldstone bosons). Therefore, while strictly speaking the results presented in Ref. [18]
above inelastic threshold arise from an invalid application of eq.(2), the expected deviation
from the true result is expected to be small (at momenta for which the chiral expansion is
converging), suppressed by two orders in the chiral expansion. Clearly, precision calculations
of the phase-shift above the inelastic threshold cannot rely upon a methodology that does
not include the e↵ects of inelastic processes. As all of the calculations in our work are
below the inelastic threshold, the present analyses and predictions do not su↵er from this
inconsistency.

VI. SUMMARY AND CONCLUSION

The increases in high-performance computing capabilities and the advent of powerful new
algorithms have thrust Lattice QCD into a new era where the interactions among hadrons
can be computed with controlled systematic uncertainties. While calculation of the basic
properties of nuclei and hypernuclei is now a goal within reach, it is important to consider
the simplest hadronic scattering processes as a basic test of the lattice methodology for
extracting scattering information (including bound states) from the eigenstates of the QCD
Hamiltonian in a finite volume. In this work, we have calculated the ⇡+⇡+ scattering
amplitude using Lattice QCD over a range of momenta below the inelastic threshold. Our
predictions for the threshold scattering parameters, and hence the leading three terms in

19
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Figure 4. Comparison of some of the lattice results for the sigma terms over the last
two decades. Only results which include some attempt at chiral extrapolation (using
any formalism), or were simulated at the physical point directly, are shown. Red, blue
and purple colours denote direct, Feynman-Hellmann and hybrid approaches, while the
green points are from early Nf = 0 calculations. Squares, circles and upward triangles
denote Nf = 2, 2+1 and 2+1+1 studies. Results are from Refs. [143] (RQCD), [144]
(ETM), [138, 145] (BMW), [139, 146] (�QCD), [147] (Ren et al.), [148] (ETM), [149]
(Lutz et al.), [42] (Shanahan et al.), [150–152] (JLQCD), [153] (Junnarkar et al.), [154]
(MILC), [155] (Semke et al.), [156] (Engelhardt), [142,157] (QCDSF), [158] (Young &
Thomas), [159] (SESAM), [160] (Dong et al.), [161] (Fukugita et al.), [162] (Alvarez-
Ruso et al.), [163] (Procura et al), [164] (Leinweber et al.).

4.2. The proton-neutron mass di↵erence

Charge symmetry violation (CSV) in the nucleon mass is small—the neutron-proton

mass di↵erence is one part in a thousand. The e↵ects of this small CSV, however,

are of tremendous significance; it is precisely this which ensures that the hydrogen

atom is stable against weak decay and that neutrons can decay into protons (plus

electrons and antineutrinos) in radioactive beta decay. While the total proton-neutron

mass di↵erence is known extremely precisely from experiments [97], its decomposition

into strong and electromagnetic contributions is less well known. In recent years

there has been considerable e↵ort invested in lattice-based determinations of both the

QCD contribution to the baryon mass splittings [165–170] and the electromagnetic

contribution [171–175]. However, 1 + 1 + 1–flavour simulations—at this stage the only

way to directly probe the full flavor-dependence of QCD observables—are not yet widely

available (the first set of 1 + 1 + 1 + 1–flavour ensembles has recently appeared [176]).

Such studies are of particular interest in the light of recent results which suggest that

the accepted value for the electromagnetic contribution to the neutron-proton mass

di↵erence calculated using the Cottingham formula may be too small because of an

omission in the traditional analysis [177,178].

In this review focused on the ChEFT–lattice-QCD connection we concentrate not

Sigma term and strangeness content

Nucleon sigma term and strangeness content of nucleon

27
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Our result for gd−uT , with control over all systematic
errors, is in good agreement with other lattice calculations
[19,20]. The LHPC [21] and RQCD [22] Collaborations
also find no significant dependence on the lattice spacing
and volume, but do find a small dependence on the quark
mass, so they extrapolate only in the quark mass using
linear or quadratic (LHPC) and linear (RQCD) fits in M2

π .
Their final estimates, gd−uT ¼ 1.038ð11Þð12Þ (LHPC) and
gd−uT ¼ 1.005ð17Þð29Þ (RQCD), are consistent with ours.
A fit to our data versus only M2

π, shown as an overlay
in Fig. 2 (center), gives a similarly accurate estimate
gd−uT ¼ 1.059ð29Þ with a χ2=d:o:f: ¼ 0.3.
Our results on the tensor charges have implications

for the neutron EDM and CP violation in BSM theories.
At the hadronic scale, μ ∼Oð1Þ GeV, after integrating
out all heavy degrees of freedom, the dominant effect
of new CP-violating couplings in BSM theories is
encoded in local operators of dimension five and six.
Leading, among them, are the elementary fermion
EDMs [23,24]

δLCPV ⊃ −
ie
2

X

f¼u;d;s;e

dff̄σμνγ5Fμνf: ð4Þ

The contribution of the quark EDM, dq to dn, is [25,26]

dn ¼ guTdu þ gdTdd þ gsTds; ð5Þ

consequently, improved knowledge of gqT combined with
experimental bounds on dn provides stringent constraints
on new CP violation encoded in dq.
Our calculation has the following impact. (i) We reduce

the uncertainty on gu;dT from the ∼50% of previous QCD
sum rules (QCDSR) estimates [27] to the 10% level. (For a
comparison of the lattice results with the Dyson-Schwinger
[28] and other methods [29–32], see [4].) (ii) The central
values of gu;dT are roughly 3=5 of the QCDSR and quark
model estimates [27] widely used in phenomenological
studies of BSM CP violation. (iii) Bounding the strange-
ness tensor charge gsT at the percent level is important for a
large class of models in which dq ∝ mq since ms=md ∼ 20.
Our results imply that in such models gsTds may contribute
up to 35% of the total dn and the current Oð1Þ fractional
uncertainty in gsT gives rise to the largest uncertainty in dn.
The contribution of EDMs of heavier quarks to nEDM
appears at two loops and does not grow with mq. In this
work, we ignore contributions of the charm (not calculated)
and heavier quarks.
While, in general, BSM theories generate additional

CP-violating operators in Eq. (4), there exist models in
which the fermion EDMs are the dominant sources of CP
violation at low energy, thus controlling the pattern of
hadronic and atomic EDMs. For such cases, using Eq. (5),
our results on the tensor charges, and the experimental limit
on the neutron EDM [33], we show 90% confidence level
(C.L.) bounds on quark EDMs du;d in Fig. 4 [34].

FIG. 2 (color online). A simultaneous fit of neutron gd−uT data versus a, M2
π , and MπL using Eq. (1). The error band is shown as a

function of each variable holding the other two at their physical value. The data are shown projected on to each of the three planes. The
symbols are defined in Table I. The extrapolated value is marked by a red star. The thin gray band and the dashed line within it in the
middle panel show the fit versus M2

π assuming no dependence on the other two variables.

TABLE II. Renormalized estimates of the connected (gconT ) and disconnected (gdiscT ) contributions in the MS scheme at 2 GeV.

Ensemble ID gcon;dT gcon;uT gcon;d−uT gcon;dþu
T gdisc;lT gdisc;sT

a12m310 0.852(37) −0.215ð12Þ 1.066(46) 0.637(31) −0.0121ð23Þ −0.0040ð19Þ
a12m220S 0.857(43) −0.209ð19Þ 1.066(50) 0.649(44) % % % % % %
a12m220 0.860(40) −0.215ð15Þ 1.075(48) 0.644(36) −0.0037ð40Þ −0.0010ð27Þ
a12m220L 0.840(37) −0.194ð12Þ 1.033(45) 0.647(33) % % % % % %
a09m310 0.840(28) −0.2051ð98Þ 1.045(34) 0.634(25) −0.0050ð22Þ −0.0005ð21Þ
a09m220 0.836(28) −0.216ð10Þ 1.053(34) 0.619(25) % % % −0.0021ð54Þ
a09m130 0.809(40) −0.222ð20Þ 1.032(44) 0.587(45) % % % % % %
a06m310 0.815(29) −0.199ð10Þ 1.015(34) 0.617(27) −0.0037ð65Þ −0.0005ð55Þ
a06m220 0.833(52) −0.264ð22Þ 1.099(59) 0.569(55) % % % % % %
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Probing TeV Physics through Lattice Neutron-Decay Matrix Elements Huey-Wen Lin

the neutron polarization ~sn.

dG µ F(Ee)


1+a

~pe · ~pn
EeEn

+b
me

Ee
+B

~sn ·~pn
En

+A
~sn ·~pe

Ee
+ . . .

�
, (1.2)

where ~pe and ~pn are the outgoing electron and neutrino momenta, and Ee,n are the electron and
neutrino energies. F(Ee) is the tree-level SM electron energy spectrum in the no-recoil limit.

Within the SM, a and A are O(1), whereas b and the energy-dependent component bn in
B = B0 +(me/Ee)bn are O(10�3) and known from theory to the level of 10�5 [10]. Therefore,
deviations from the SM predictions for b and bn at a level larger than O(10�5) would unambigu-
ously signal the presence of BSM interactions [10, 11]. These parameters are much less accessible
in high-energy experiments, because the interference of new interactions with the SM amplitudes
always involves a spin flip, which is suppressed by the factor me/Ee ⌧ 1, while in neutron decay
me/Ee ⇠ 1.

On left-hand side of Fig. 1, we show how precision measurements of b and bn at the 10�3 level
can reveal the existence of new physics with mass scale Li in the multi-TeV range, which will be ex-
plored directly at the LHC. Furthermore, the two panels highlight the difference in bounds between
using previous phenomenological estimates for gS and gT and current LQCD estimates. In these
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Figure 1: (Left) 90% confidence level (CL) allowed regions in the eS-eT plane implied by (i) the existing
bound on b0+ characterizing the 0+ ! 0+ nuclear beta decays (green horizontal band); (ii) projected mea-
surements of b and bn � b in neutron decay (red bow-tie shapes and blue regions) at the 10�3 level; (iii)
hadronic matrix elements taken in the ranges 0.25 < gS < 1.0, 0.6 < gT < 2.3 [8]. (Right) Combined 90%
CL allowed regions in the eS-eT plane based on existing limits on b0+ from 0+ ! 0+ nuclear beta decays
and future neutron-decay measurements with projected sensitivity of 10�3 in b and bn �b. The four curves
correspond to four different scenarios for the hadronic matrix elements: 0.25 < gS < 1.0, 0.6 < gT < 2.3 as
quoted in Ref. [8]; lattice results with current central values from Ref. [12]) and dgS/gS = 50%,20%,10%
with dgT/gT = 2/3 dgS/gS (this choice assumes that the ratio of fractional uncertainties in gS and gT will
remain approximately constant as these uncertainties decrease). The effective couplings eS,T are defined in
the MS scheme at 2 GeV. Note that the decrease in the allowed region becomes small for dgS/gS < 20%,
below which the constraints are dominated by the experimental uncertainty.

4
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Impact on nuclear theory; EFT

LQCD nuclear spectroscopy being 
used to constrain nuclear EFTs	

Baru et al.: use low-energy theorems 
to understand mass dependence	

Barnea et al.: match 2-/3-body 
interactions to LQCD 	

Many-body methods to go to 
large A 
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FIG. 6: NLO LET predictions for the pion mass dependence of the deuteron binding energy, the ratio �d/M⇡, the ratio a/r
and the first three shape parameters in the 3S1 partial wave assuming the linear M⇡ dependence of the e↵ective range specified
in Eq. (4.17) and visualized in the left panel of Fig. 5. Dark-shaded bands show our estimation of the uncertainty of the NLO
LETs due to the unknown M⇡ dependence of the subleading short-range interaction specified in Eq. (3.16), light-shaded bands
depict the uncertainty in the linear extrapolation of the e↵ective range used as input, as shown in the left panel of Fig. 5.

shape parameters and the deuteron binding energy. Our results for the deuteron binding energy Bd, the ratio �d/M⇡,
where �d =

p
BdmN is the deuteron binding momentum, the ratio a/r and the first three shape parameters M

3
⇡v2,

M

5
⇡v3 and M

7
⇡v4 are visualized in Fig. 6. In this figure, the dark shaded bands result from the variation of the

constant � specified in Eq. (3.16) and reflect the uncertainty of the NLO LETs4. The light-shaded bands correspond
to the resulting uncertainty which emerges from the theoretical uncertainty at NLO and the errors of the linear
interpolation of M⇡r(M⇡) (see the left panel of Fig. 5 and Eq. (4.17)) added in quadrature. Notice that we also show
in Fig. 6 the preliminary lattice-QCD result of the NPLQCD collaboration at M⇡ = 430 MeV [43]. Remarkably, the
linear M⇡ dependence of M⇡r suggested in Ref. [40] indeed appears to describe very well the common trend of the
lattice-QCD results for the deuteron binding energy at intermediate pion masses. Also the NPLQCD Collaboration
results of Ref. [40] for Bd, �d/M⇡, a/r and M

3
⇡v2 at the pion mass of M⇡ = 800 MeV can be well described by further

extrapolating our results to heavier pion masses without introducing any strong curvature. Assuming the validity of
Eq. (4.17) for pion masses below the physical one, we conclude that the deuteron becomes unbound for M⇡ ⇠ 50 MeV.
It is also interesting to notice that the scattering length and the shape parameters show rather strong variations with
the pion mass around and below the physical point. This nontrivial behavior is driven by the long-range physics
associated with the pion exchange and is, in principle, testable in lattice QCD. The obtained results for the quantities
�d/M⇡ and a/r, which probe the amount of fine tuning in the NN system, suggest that the physically realized value
of the quark mass is close to the point, which separates the strong fine-tuning regime characterized by the rapidly
growing scattering length from the regime featuring a fairly small amount of fine tuning with a/r = 2 . . . 3 within the
large range of pion masses.

We emphasize that the observed agreement between the predicted M⇡ dependence of the deuteron binding energy and

4 Note that employing the scalar sub-leading potential in Eq. (2.15) instead of the tensor one yields the results which are well within the
dark shaded band for all quantities except for the parameter v3 which is relatively small and appears to be slightly outside of this band
for M⇡ > 250 MeV.

[Baru et al. 1504.07852
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USQCD Science Highlights: Heavy Exotica

Exotic States: X(3872)	

~13(6) MeV below threshold	

What is its nature?
X(3872) and Z+c (3900) Carleton DeTar
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Figure 2: Energy splittings between En and 1S = 1
4 (Mηc + 3MJ/ψ ), the spin-averaged 1S charmonium

masses. The towers of states are from the same operator bases as the first three panels in Fig. 1. Left:
the separate χc1(1P) and χc1(2P) states from cc operators. Middle: combined cc and DD∗ operators. Right:
states from the DD∗ I = 0 operators. The lower blue bar represents the X(3872) candidate.

Table 1: Energy levels for the cc+DD∗ operator set. The level e1 (lower blue bar in Fig. 2) corresponds
to the X(3872) candidate with a splitting of 13(6) MeV relative to the DD∗ threshold with our unphysical
lattice parameters.

En−1S (MeV)

Non-interacting
D̄(0)D(0) 910(2)
D̄(1)D(−1) 1036(3)

Interacting

e0 452(2)
e1 897(6)
e2 966(21)
e3 1494(30)

interpolating operators included, level repulsion results in the weakly bound state represented by
the lower blue bar, our candidate X(3872). The upper blue bar can be interpreted as a scattering
state shifted up due to the large negative scattering length. This shallow bound state scenario on the
lattice has been confirmed in deuteron studies [29, 30]. Our results agree qualitatively with those of
the pioneering lattice studies of the X(3872) by Prelovsek and Leskovec [19] using clover valence
and sea quarks throughout.

4.2 Z+
c (3900)

Figure 3 shows the energy splittings in the various 1+− channels. The mixing is evidently
too weak to produce a state distinct from the noninteracting scattering states, in agreement with
[20, 22].

5

[C Detar et al. PoS Latt2014]
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FIG. 15. Our results for the masses of charmed and/or bottom baryons, compared to the experimental results where available
[8, 10, 12]. The masses of baryons containing nb bottom quarks have been o↵set by �nb · (3000 MeV) to fit them into this plot.
Note that the uncertainties of our results for nearby states are highly correlated, and hyperfine splittings such as M⌦⇤

b
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can in fact be resolved with much smaller uncertainties than apparent from this figure (see Table XIX).

[Z Brown et al. PRD 2014]
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0νββ decay

Certain nuclei allow observable 
ββ decay  
 
 

If neutrinos are massive Majorana 
fermions 0νββ decay is possible	

Half-life depends critically on the 
nuclear matrix elements of two 
weak currents
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Figure 1: Representation of the energies of the A = 76 isobars. The single-beta decay (β)—green arrows—
between 76Ge and 76Se is energetically forbidden, hence leaving double beta (ββ)—pink arrow—as the
only decay channel. The two mass parabolas exist because of the pairing interaction that lowers the energy
of even Z—even N nuclei with respect to odd Z—odd N nuclei. For odd A nuclei there is a single mass
parabola, and all single-beta transitions are energetically allowed (taken from J. Menendez’s PhD thesis).

nuclei [3], with lifetimes in the range 1018–1022 y. The alternative is the neutrinoless double-
beta decay (0νββ), proposed by Furry [4] after the Majorana theory of the neutrino [5]. The
neutrinoless decay 0νββ can only take place if the neutrino is a massive Majorana particle
and demands an extension of the standard model of the electroweak interactions, because
it violates the lepton number conservation. Therefore, the observation of the double-beta
decay without emission of neutrinos will sign the Majorana character of the neutrino. The
corresponding nuclear reactions are the following:

A
ZXN−→A

Z+2XN−2 + 2e− + 2νe,

A
ZXN−→A

Z+2XN−2 + 2e−.
(1.1)

Currently, there is a number of experiments either taking place or expected for the
near future—see, for example, [6, 7] and Section 7.3.—devoted to detect this process and to
set up firmly the nature of neutrinos. Most stringent limits on the lifetime are of the order of
1025 y. A discussed claim for the existence of 0νββ decay in the isotope 76Ge (see Section 7.1)
declares that the half-life is about 2.2×1025 y [8]. Furthermore, the 0νββ decay is also sensitive
to the absolute scale of the neutrino masses (if the process is mediated by the so-called mass
mechanism), and hence to themass hierarchy (see Section 2). Since the half-life of the decay is
determined, together with the effective Majorana neutrino mass (defined later in Section 2),
by the nuclear matrix elements for the process NME, its knowledge is essential to predict the
most favorable decays and, once detection is achieved, to settle the neutrino mass scale and
hierarchy.

Another process of interest is the resonant double-electron capture which could
have lifetimes competitive with the neutrinoless double-beta decay ones only if there is a
degeneracy of the atomic mass of the initial and final states at the eV level [9]. For the
moment, high-precision mass measurements have discarded all the proposed candidates
(see [10] for a recent update of the subject). As in the neutrinoless double-beta decay,

Advances in High Energy Physics 5

and final states. With these considerations, the expression for the half-life of the 0νββ decay
can be written as [14, 15]

(
T
0νββ
1/2 (0+ → 0+)

)−1
= G01

∣∣∣M0νββ
∣∣∣
2
(⟨mν⟩

me

)2

, (3.5)

where ⟨mν⟩, the effective Majorana neutrino mass, was introduced in (2.1), and G01 is a
kinematic factor (known also as phase-space factor)—dependent on the charge, mass, and
available energy of the process, in the following denoted also as Q-value or simply Q. M0νββ

is the NME object of study in this section. As already discussed, the neutrino mass scale
is directly related to the decay rate. The kinematic factor G01 depends on the value of the
coupling constant gA. Therefore, the NMEs obtained with different gA values cannot be
directly compared. If we redefine the NME as:

M
′0νββ =

(
gA
1.25

)2

M0νββ, (3.6)

the new NMEs M
′0νββ’s are directly comparable no matter which was the value of gA

employed in their calculation, since they share a commonG01 factor—the one calculated with
gA = 1.25. In this sense, the translation of M′0νββ’s into half-lives is transparent.

The NME is obtained from the effective transition operator resulting of the product of
the nuclear currents:

Ω
(
q
)
= −hF(q

)
+ hGT(q

)
σnσm − hT(q

)
Sq
nm, (3.7)

where Sq
nm = 3(q̂σnq̂σm) − σnσm is the tensor operator. The functions h(q) can be labeled

according to the current terms from which they come:

hF(q
)
= hF

vv

(
q
)
,

hGT(q
)
= hGT

aa

(
q
)
+ hGT

ap

(
q
)
+ hGT

pp

(
q
)
+ hGT

mm

(
q
)
,

hT(q
)
= hT

ap

(
q
)
+ hT

pp

(
q
)
+ hT

mm

(
q
)
,

(3.8)

whose explicit form can be found in [12].
Till recently, only haa and hvv terms were considered. However, rough estimates of the

value of these terms taking q ≈ 100MeV give haa ≈ hvv ≈ 1, hap ≈ 0.20, hpp ≈ 0.04, and
hmm ≈ 0.02. Therefore, according to the figures, certainly hap cannot be neglected. Since the
Gamow-Teller contribution will be the dominant one, and both the hpp and hmm have the
same sign and opposite to hap, it seems sensible to keep all these terms in the calculation.

Neutrino-less double beta decay 
• Double E-decay only appears when regular E-decay is energetically 

forbidden or hindered by large J difference. 
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0νββ decay nuclear matrix elements

Shell model	

Interacting boson  
model	

Generator  
coordinate method	

QRPA
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Figure 2: The neutrinoless double-beta decay; ”state-of-the-art” NMEs: QRPA [30] (red bars) and [21, 22]
(diamonds), ISM [31] (squares), IBM [25] (circles), and GCM [26] (triangles).

the 0ν operator to learn which are the properties of the initial and final nuclei to which it is
more sensitive.

4.1. The Role of the Pair Structure of Wave Functions in the NMEs

The two-body decay operator can be written in the Fock space representation as follows:

M̂(0ν) =
∑

J

⎛

⎝
∑

i,j,k,l

MJ
i,j,k,l

((
a†
i a

†
j

)J
(akal)J

)0
⎞

⎠, (4.2)

where the indices i, j, k, and l run over the single-particle orbits of the spherical nuclear mean
field. Applying the techniques of [34], we can factorize the operators as follows:

M̂(0ν) =
∑

Jπ
P̂ †
Jπ P̂Jπ . (4.3)

The operators P̂Jπ annihilate pairs of neutrons coupled to Jπ in the parent nucleus, and
the operators P̂ †

Jπ substitute them by pairs of protons coupled to the same Jπ . The overlap
of the resulting state with the ground state of the grand daughter nucleus gives the Jπ -
contribution to the NME. The—a priori complicated—internal structure of these exchanged
pairs is dictated by the double-beta decay operators.

In order to explore the structure of the 0νββ two-body transition operators, we have
plotted in Figure 3 the contributions to the 0ν GT matrix element as a function of the Jπ

of the decaying pair in the A = 82 and A = 130 cases. The results are very suggestive,
because the dominant contribution corresponds to the decay of J = 0 pairs, whereas the
contributions of the pairs with J > 0 are either negligible or have opposite sign to the leading
one. This behavior is common to all the cases that we have studied and is also present in
the QRPA calculations, in whose context they had been discussed in [23, 35]. To grasp better
this mechanism, we shall work in a basis of generalized seniority s (s counts the number of

[Giuliani & Poves, Adv High Energy Phys 2012 857016]

Is the spread of results representative of the true uncertainty?	
!

Can LQCD provide constraints for light nuclei 



USQCD Science Highlights: Structure

Full decomposition of proton spin  
 

𝜒QCD collaboration 	

Initial quenched study	

Repeating with dynamical 
quarks	

Eg: gluon spin contribution in  
a particular frame in Coulomb 
gauge
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Glue Spin/Helicity in Nuclueon Yi-Bo Yang
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Figure 3: The quark mass dependence of the quark spin contribution in proton spin. The red squares are for
zero momentum and the blue dots are for the p = 4p/L (⇠ 800 MeV) case. These dependences are fairly
mild and can be well described with a linear fit.
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Figure 4: The result extrapolated to the physical pion mass, on two ensembles. The curves show the
momentum (frame) dependence of the results.

scale (e.g. 2 GeV or larger) to the corresponding matrix element regularized in IMF, with the
large-momentum effective field theory,

Õ(Pz) = Z(Pz,1/a)O(1/a)+
c2

(Pz)2 +
c3

(Pz)4 + ... (15)

and including its mixing from the quark spin. This part of the calculation is in progress.
Setting Z(Pz,1/a) = 1 for now, SG can be extrapolated to Pz=2 GeV with Eq. (15). The

6
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It has been shown that the contributions from u and d quarks almost cancel each
other. Thus for connected insertion, quark orbital angular momenta turn out to be
small in the quenched calculation 12,14 and nearly zero in dynamical fermion cal-
culations 15,16,17,18,19. On the other hand, gluon helicity distribution �G(x)/G(x)
from COMPASS, STAR, HERMES and PHENIX experiments is found to be close
to zero 20,21,22,23,24. A global fit 25 with the inclusion of the polarized deep inelastic
scattering (DIS) data from COMPASS 26 and the 2009 data from RHIC 25, gives

a glue contribution

Z
0.2

0.05

�g(x)dx = 0.1±0.06

0.07

to the total proton spin of 1/2~ with

a sizable uncertainty. Most recent analysis 27 of high-statistics 2009 STAR 28 and
PHENIX 29 data show an evidence of non-zero glue helicity in the proton. For
Q2 = 10 GeV2, they found the gluon helicity distribution �g(x,Q2) positive and
away from zero in the momentum fraction range 0.05  x  0.2. However, the re-
sult presented in ? has very large uncertainty in the small x-region. Moreover, it is
argued based on analysis of single-spin asymmetry in unpolarized lepton scattering
from a transversely polarized nucleon that the glue orbital angular momentum is
absent 30. Given that DIS experiments and quenched lattice calculation thus far
reveal that only ⇠ 25% of the proton spin comes from the quark spin, lattice calcu-
lations of the orbital angular momenta show that the connected insertion (CI) parts
have negligible contributions, and gluon helicity from the latest global analysis 27

is ⇠ 40% albeit with large error, there are still missing components in the proton
spin. In this context, it is dubbed a ‘Dark Spin’ conundrum 31,32.

In this talk, I shall present a complete decomposition of the nucleon spin in
terms of the quark spin, the quark orbital angular momentum, and the glue angular
momentum in a quenched lattice calculation. I will then summarize the lattice e↵ort
in calculating the strange quark spin in dynamical fermions and present a result
of the total quark spin from a lattice calculation employing the anomalous Ward
identity and, finally, I will show a preliminary first calculation of the glue spin at
finite nucleon momenta.

2. Formalism

It is shown by X. Ji 33 that there is a gauge-invariant separation of the pro-
ton spin operator into the quark spin, quark orbital angular momentum, and glue
angular momentum operators

~J
QCD

= ~J
q

+ ~J
g

=
1

2
~⌃
q

+ ~L
q

+ ~J
g

, (1)

where the quark and glue angular momentum operators are defined from the sym-
metric energy-momentum tensor

J i

q,g

=
1

2
✏ijk

Z
d3x

�T 0k

q,g

xj � T 0j

q,g

xk

�
, (2)
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Table 1. Renormalized results in MS scheme at µ = 2 GeV.

CI(u) CI(d) CI(u+d) DI(u/d) DI(s) Glue

hxi 0.413(38) 0.150(19) 0.565(43) 0.038(7) 0.024(6) 0.334(55)

T2(0) 0.286(108) -0.220(77) 0.062(21) -0.002(2) -0.001(3) -0.056(51)

2J 0.700(123) -0.069(79) 0.628(49) 0.036(7) 0.023(7) 0.278(75)

gA 0.91(11) -0.30(12) 0.62(9) -0.12(1) -0.12(1) –

2L -0.21(16) 0.23(15) 0.01(10) 0.16(1) 0.14(1) –

Lu (CI + DI)

Ld (CI + DI)

Ls (DI)

Jg

�⌃
2

25(12)%  28(8)%

14(1)%
39(15)%

-5(16)%

(a)

Fig. 2. Pie charts for the quark spin, quark orbital angular momentum and gluon angular mo-
mentum contributions to the proton spin. The left panel show the quark contributions separately
for CI and DI, and the right panel shows the quark contributions for each flavor with CI and DI
summed together for u and d quarks.

2L for the quarks. As we see in Table 1, the orbital angular momentum fractions
2L for the u and d quarks in the CI have di↵erent signs and they add up to zero,
i.e. 0.01(10). This is the same pattern which has been seen with dynamical fermion
configurations with light quarks which was pointed out in Sec. 1. The large 2L
for the u/d and s quarks in the DI is due to the fact that g0

A

in the DI is large
and negative, i.e. �0.12(1) for each of the three flavors. All together, the quark
orbital angular momentum constitutes a fraction of 0.47(13) of the nucleon spin.
The majority of it comes from the DI. The quark spin fraction of the nucleon spin
is 0.25(12) and the glue angular momentum contributes a fraction of 0.28(8). We
show the quark spin, the quark orbital angular momentum and the glue angular
momentum in the pie chart in Fig. 2. The left panel shows the combination of u and
d contributions to the orbital angular momentum from the CI and DI separately
while the right panel shows the combined (CI and DI) contributions to the orbital
angular momentum from the u and d quarks.

Since this calculation is based on a quenched approximation which is known to
contain large uncontrolled systematic errors, it is essential to repeat this calculation
with dynamical fermions of light quarks and large physical volume.

Eur.Phys.J. A52 (2016) no.6, 160 ; 1603.05256 

Glue Spin/Helicity in Nuclueon Yi-Bo Yang

and Aphys
µ

satisfies the non-Abelian transverse condition,

Di Aphys
i = ∂i Aphys

i � ig0[Ai, Aphys
i ] = 0. (7)

It is shown in [8] that when boosting the glue spin operator ~Sg in Eq. (3) to IMF, the condition
Eq. (7) corresponds to the light-cone gauge fixing condition Aphys

+ = 0 and the forward matrix
element of the longitudinal glue spin operator corresponds to the glue helicity, DG.

In contrast to the definition of the glue helicity operator in the IMF, the matrix element of the
glue spin operator in the finite momentum frame is calculable in lattice QCD. Solutions for Aphys

µ

and Apure
µ

satisfying Eqs. (5-7) can be obtained through a gauge link fixed in the Coulomb gauge
under a gauge transformation gC(x),

U
µ

(x) = gC(x)UC
µ

(x)g�1
C (x+aµ̂) (8)

where UC(x) is fixed in the Coulomb gauge. One can confirm that the solution for Aphys
µ

satisfing
the gauge transformation law in Eq. (5) can be obtained as in Ref. [11]

Aphys
µ

⌘ i
ag0

(U
µ

(x)�U pure
µ

(x))

= gC(x)AC
µ

(x)g�1
C (x)+O(a), (9)

where U pure
µ

(x) = gC(x)g�1
C (x+aµ̂). Then the glue spin operator ~SG reads,

~Sg =
Z

d3x Tr(gC~Eg�1
C ⇥~AC) =

Z
d3x Tr(~EC ⇥~AC) (10)

where the trace Tr is taken over color indices and ~EC is the electric field in the Coulomb gauge.
In order to extract the glue spin contributions to the nucleon, we compute the ratio of the

disconnected three-point function to the two-point function with the source and sink of the nucleon
propagator located at t0 and t, respectively. The glue spin operator is inserted at the time slice t 0

between t0 and t. Then the ratio of the disconnected insertion three-point function to two-point
function in the moving frame along the z direction is,

R(t, t 0, t0) =
h0|Gm

3
R

d3ye�ip3y3
c(~y, t)S3

g(t)c̄(~0, t0)|0i
h0|Ge

R
d3ye�ip3y3

c(~y, t)c̄(~0, t0)|0i
(11)

where c is the nucleon interpolation field and Gm
3 /Ge is the polarized/unpolarized projection matrix

of the proton respectively. The signal to noise ratio (SNR) can be improved by using the summed
ratio method [15] and we denote the summed ratio by SR(t, t0) = Ât�1

t 0=t0+1 R(t, t 0, t0). SR(t, t0) has a
linear behavior in the region where t is large enough that excited-state contamination is negligible,

SR(t � t0)⌘ SR(t, t0) ��!
t�1 C0 +(t � t0)SG +O(e�DE(t�t0)), (12)

where SG is the matrix element of the longitudinal glue spin operator in the proton.
A preliminary attempt [13] to calculate SG on the lattice following the above prescription has

been carried out on 2+ 1 flavor dynamical domain-wall configurations on a 243 ⇥ 64 lattice (24I)
with the sea pion mass at 330 MeV. In this proceeding, we improve the statistics on the ensemble

3

SG

SG


